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SOVE TV SAMPLE TESTS BASED ON ORDZRER OBSERVATIONS FROM
THE EXPONENTIAL DISTRIBUTICN

Benjamin Epstein and Chia Xuei Tsao
VAYNE UNIVERSITY

p 2N Introduction

L < (S £ . £ < Lwe
le %3 $ %, S xl:\l’ and leﬁxzz\...\xz , be Lwc
random samples {3&1 and Sn2) from populatlions having p.¢ f.'. f(x3 4y, 84)
and f(x; A;; 9,) respectively, whers

() £(214,0) = § oxp [-(x-A)/0].

Let S, and S_ Dbe the sets of the first x'l and r2 smallest obssrvations of
1 "2
Snl and Sn re-psctively. Ther the p.d.f.'s of S. and 8, are given; say, by
2 1 2
8("11""”‘1’1‘ A,6,) and 3("21""”‘21-2‘ k,,8,), where

‘ ] -~ r W\
(2) (X, ;X 5. 3 Ay8) = e S sxpd - 2 | 2 (x;-a) + (m-1)(x_-A)|\ .
"€ F (n-r)t 0¥ . [1-1 1 : J f

The likzlihood ratio tests based on the complste selts, S, and S, arz

special cases of those obtained by Sukhatme (2,3]. It can te zown ﬁui
eimilar likelihood ratio tests based on S’l and SP2 may ba obtained bty
following Sukhatme's procedurs {2). In this report these likelihooa ratio
tests are rediced te equivalent tests waich are oxpressec in terms of Lhs
waell~known Chi-square and Spedscor's F Hstributions. surthermors, some of

Lhe Lests obvained in this rsport can be extended Yo !7-sanple tests.
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Lemma 3., Vv ard nh are independently distriouted as X (2r-2) and [

s

Since pcrcentage points ifor tiwe ‘Xz aid ' disiributions are tabled,
tasts involving these random variables are useful in applicaiion:. We remark
that the likelihood ratic test for the hypothesis Hg {see 3ection 3) has been
obtained by Paulson [1).

2. Preliminary lsmmas.

Ve give several lemras which were used to obtain the distributions of
the reduced sta*istics. Lemmas 1-3 can be proved by the use or characteristic
functions and their procfs are omitted. FProofs of lemmas L-3 are given.

In lamnas 1, 2 and 3 below, we let :&S x, < ... é"r £... <xn be a

random gample from a population having p.d.f. (1) and we define statistics i,

v, and h as,

2 N r' ’ -‘
(3) Ty &\xi-&)’(n-r)(xr*is)}-

2 £ ’ .
(L) v*a [15;1 (xi - ’4&) #An e - yl'] .
(5) h = ?—: (X.l - Al

: 2
lemma 1. u *s distributed as X“(2r).

Lemma 2. Vv is distributed as 'X2(2r-2).

72
respsclively.

Lemmas uy-. deal wiih iie case of two samples. The stalisties Uy 7y and

Up, Vv, are cefinsd as 1n (2, and (4. Threo aoditional varizbtles my, w,, ad

w are defined in (6:, (v. » '?),

()
2]
|
€
7 4

1 Fz1? By 7 5y

e i ok b il i S M S L
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. Ekz
t 70 « 3 cemen - \ >
2", Xy = Xyls for o xyp 7 ox
(8) wew, when x]1> 121 and w = Wos WM X5 > Xyoe

Lemuaa 4. If A -‘Az, then

(9‘ > ) r12/92
) fr{x i e
n’*a n, /8, + ny/8,
aid
n, /6
(10) rrix, > %) * e -
"1/91" n2/02
rroof :

Hence,

n, /8y

- Y = - F =u
brix,, 7 x, 1 x’r(xll> x."_‘l)

Lemma 5. If /Ll = ‘,\2’ then both w (given that 5, > 121) and v, (given that

%, 7 X;) are distributed as XZ(2),

hl/al + n:;‘/e2
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Proof. Since i’“w = A "'1 can e wWribtien as
S e i &

Conssquently,

let xll - Al =¥ and. x?l = Aa = ya, then the condition that

v
v o

5

{(i1) f(yl’yz} = 6 . a 1 “ s ylﬁ 3’2 2 G
172

Vi haVE

{12) Pr(wl$ w|y, > yg) = o

Priy, 7 7,0
According tc lemma L

no/

- - e - o -

i Y = <
P 7 n /6 +n,/0,
4. A ol &

<

Pr(yl » yz) =

Further, it is readily verified that

{13) Priw, ¢ w, v, >7,) =

n2/ 8, . -w/2 ‘]

"
Therelorae,

ot !
RETY vrim Lw gy

x
11
equivalent. to > Yo Since the joint distribution of v, and y, is, say

G

7 x s
21
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i
put., by (1:; ‘
\ 1.
prie. Sw x> ) = Pr( "/x‘i'l-ézlot
1w 7 " %! J

and oy lemma £, i‘x"i’?v'l

butions with (21‘1 - 2) and (23'? - 2j d.f.'s. Thus lemma 7 is Dproved.

lemma 8. If A =A_then V_, V_and w are independentiy distributaod as

1 2 17 2
?2(21'1 - 2), 'X‘(_Zrz - 2) and .’Xz(?_') respcctively.

Proof. Sineoe

Pr(V. €V .,V €V . wslw)
( 1 1c” 2 20° o
B 2y s, é' & v )
PV S Vy0s Ty S Tpge R X)) 7 Ay
+ ] { < 1 S“' £. : <
TV & Ty Vo S Vo M SN, g, Sxg))

then by (17) lemma 8 follows.

3. Likelihood ratio tests and equivalont reduced tests.

The various hypotheses and their associated likelihocd ratio and

equivalent reduced tosts are listed below. The details involved in obtaining

the likelihoo« ratio will not be given here, since they are well known.

A. Otatemunt of hyrotheses:

K To test Ol = 92

(assuning and A
=43

a) I

o are Lnovm).

b) %12: To test 61 - 92

C} iy Py tagt S, = c'e-
3 1
= M O TAST. LY
4 2
aggumin 8, and 8, re knovm.
’

é vy P 5 7 2" i ‘
'10) and I-"r(v2 < 120) are cumulative X -distii

~ 12—y
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(19)

(20)

(21)

(22)

g)

To teat A = A

-T-

An
e

(assuming 6, = 8,).
Te %est 8. = A?.

C t = A e = -
waesl\l Azand 3 92

1

Iikelihcod ratio tests

in 1), b) and ¢’ below we let

a) PFor d. :

where

A

K= TT
j=]

l-r:L(l

( ‘.‘1.:_52>’i
r
\ i /

by
+ cl) 1 (1«

i

€1

r
) [

:
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..9..
y .4 [T § }15;
-(r 41'2)
¢ z-\ s . ( N 1 3
(20, N p (1« o) if X b Xy
-(r_+r.)
= 3\ 1 2 A7
@+ eg) R, S |
there ;
. - MO X)L !
5 - ¢ (n - - %)
;2—;1 \' = (xi xu) (n; ri)(xir X1
L
(29)
o - 2% T X
o2 a 7
fT Z_ (xij - xil) + (ni ri)(xu‘ X;y)
=1 | 57 i
!
f) For H6:
30) = 3 ~ v
(30) /\6 (1 + cé) £ ox)y 7%y
e i
“ 1T if xu\x:,l

where



e v i~ cams et o SR
o
i

S Lo e U
6 r‘]L
323 (x ' x,y) ¢+ (ny - "1“"1x~l - X
(31)
c‘ ” na(xgl" {11 a
é 1,
| P - \ - v \
E (xy5 = *p) * (0, - 1M, N Y
g) Yor h,]: .
2 /’e‘ r
A= T _3> '
' whsre

2 .

A — R A y
6 = —2— T I x -R)4(n -rx -R)
rptr, 1) gr U ! 1 !
1 2 ! !
(. -

! and where A = min (x s B Ve
21

. C. .educed Tezts

By the use of tie lemmas in msection 2, 7\1, 7\2, cwng /\6 can be

reduced to the following equivalent tasts having the corrseponding distributiions

tsece Table 1:. The authors have rnot succeeded in reaucing ;\7 to a knoemn test

e — @

.- W‘I“M‘
5 .
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TABIE 1
I
Criviecal |
Hypothesis Equivalent reduced Tests Uistributions regiors |
—_— — {
Y rl { D \ {23 i
U S g Ferg, o) @
H P
ol = -.A.-”. . < D] ~p ()\
> 2 r €ss i aq X, F(2r2, 2ry 2) (2,
4" l'?_-'l ! v . g {
Az - --;:;- (‘.2_. it x21 << Xll F(?l‘l, 21‘2—2) \2)
. r !‘l".l {
R = = ¢ #2r, -2, 2r -2) 2)
3 3T %3 T @
<2
H, SN X (@) (1)
. - s A ey
nS fS = -.-5.—-' CS’ if }Lll > le (<, crl4,f;x'2~h} (1)
p' 21’1‘*2!‘2"11 1 r
. - . 2¢ -
fs > ¢ X 7 ox, r(2, 2r,+2r, L) 1)
oF. =2
r = s e ; £ 2% «D Y &)
.16 fs ——l—-z g 1T %y > le e ".2rl 2} d
. 2r2-2 :
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In Table 1 numbars in the "eritical regions” column indicate that ihe
reduced tests obtained may to cither one-sided or twe-sided. or 2xample.
coiisider the case where reT, T 10 and a = .CS. Then for the various
Hi’ i=1,2,3,5,5,6 w8 havs the follewing critical regims which ars

sumnarized fcr convenience in Table 2.

TABLE 2

“ritical Hegions

£, 2 3.5%7  when P

N/
A

.02 4.5 vitan X.. 72X

. 1
H, : T2 ei or £ =
1 i ) 1< 356
|
> .55 Iy T & X
P.2 fz > B0 or £, < 3 1 xl] x21 !
i ] ! z i
S N B4 " <
or 1‘2 > .55 or fz <. 55t when x?'__‘ < *q
!
: 1 i
n,: fo o >2.C or f_ <
3 ) 3 3 " 2.6C ‘
|
1
i, £, > .99 :
| ) i i
i . ~ 3 “\ m‘ . N !
i .‘15. 19 D> 3.25 ien xn > le i
! . i
! f_ > 3.26 men X.. > X . ]
5 23, i1 3
|
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